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Dynamics of the universe in the modified unimodular theory of gravity
Robert D. Bock∗
Propagation Research Associates, Inc., 1275 Kennestone Circle, Suite 100, Marietta, GA, 30066
(Dated: December 17, 2018)
The equations that govern the dynamics of the universe in the modified unimodular theory of
gravity are derived. We find a mechanism for inflation in the early universe without postulating a
false vacuum state during the first 10−35 seconds after the Big Bang. In addition, we find a natural
explanation for the acceleration of the universe without resorting to dark energy.
PACS numbers: 95.36.+x, 98.80.-k, 04.20.-q, 04.20.Cv
The Friedmann-Lemaˆıtre ΛCDM model of cosmology
has been accepted by the scientific community as the new
Standard Model of Cosmology [1, 2]. It supercedes the
previous Standard Model of Cosmology, embracing all of
its accomplishments, and claims additional success. This
model agrees closely with a wide range of observations,
including measurements of the abundance of primordial
elements, CMB anisotropies, the age of the universe, the
luminosity of supernovae, and the large scale structure
of the universe. According to the ΛCDM model, the
universe is spatially flat and was initiated with the Big
Bang, a state of infinite density and temperature, approx-
imately 15 × 109 years ago. This was followed by a po-
tential, or vacuum, energy-dominated (inflation) phase,
a radiation-dominated phase, and a matter-dominated
phase. It is believed that the universe is presently tran-
sitioning from the matter-dominated phase to a cosmo-
logical constant-dominated phase.
First reported in Refs. [3, 4, 5], observations of Type
Ia Supernova (SN Ia) indicate that the universe is ac-
celerating. The ΛCDM model attributes this accelera-
tion to the cosmological constant, Λ, which was origi-
nally introduced into general relativity by Einstein [6]
in order to permit homogeneous, static solutions of the
field equations. However, the introduction of the cos-
mological constant brings a number of problems in its
wake, including the well known cosmological constant, or
fine-tuning, problem. This results from the observation
that the contribution to the vacuum energy density from
quantum fields behaves like a cosmological constant, and
is according to modern particle theories orders of mag-
nitude larger than the measured cosmological constant,
which is crudely approximated by Λ ≈ H20 , where H0
is the present value of the Hubble parameter. Conse-
quently, considerable effort is being exerted to replace Λ
in the ΛCDM model with more general forms of dark en-
ergy that are typically described by scalar fields such as
quintessence, K-essence, tachyon, phantom and dilatonic
models (see [7] for an excellent review).
Recently, a modified unimodular theory of gravity was
introduced [8] that replaces the covariant divergence law
with a modified divergence law based on the metric de-
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composition of unimodular relativity. It was shown that
the resulting equations of motion acquired an additional
term in the Newtonian limit that could account for the
anomalous accelerations observed on the galactic scale
without the need for dark matter. In the following, we
examine the consequences of this modified divergence law
on the dynamical equations of the universe and find a
natural explanation for the acceleration of the universe
without resorting to dark energy.
According to the unimodular theory of gravity [9] (see
also [10, 11, 12]), the metric tensor is reducible under the
general coordinate category into two nontrivial geometric
objects: g, the determinant of the metric tensor, and γµν ,
the relative tensor gµν/(
√−g)1/2 of determinant−1. The
determinant determines entirely the measure structure
of spacetime, while the relative tensor alone determines
the null-cone or causal structure. Unimodular relativity
assumes a background measure field
√−g = σ(xα) so
that:
gµν = σ(x
α)1/2γµν , (1)
and satisifies this condition in the action with the method
of Lagrange undetermined multipliers. The field equa-
tions are given by the traceless part of Einstein’s field
equations:
Rµν −
1
4
Rδµν = 8πG
(
T µν −
1
4
Tδµν
)
, (2)
where we have assumed c = 1. The covariant divergence
of the above equations yields:
8πGT µν;µ =
1
4
δµν (R+ 8πGT ),µ . (3)
Assuming the standard covariant divergence law:
T µν;µ = 0, (4)
the cosmological constant emerges as a constant of inte-
gration in the field equations. This formulation has the
attractive property that the contribution of vacuum fluc-
tuations automatically cancels on the right hand side of
Eq. (2) [12]. In Ref. [8], the covariant divergence law (4)
was replaced with:
T µν;µ =
σ,µ
σ
[AT µν + BTδ
µ
ν ] + CT
αµgσνΓ
′σ
αµ, (5)
2where A, B, and C are arbitrary constants and
Γ′µαβ ≡
γµλ
2
[γαλ,β + γβλ,α − γαβ,λ] . (6)
Eqs. (2), (3), and (5) may be used to determine the
dynamics of the universe, given a source term describing
the energy content. In the following we set C = 0, since
otherwise the results depend on the spatial coordinate
system chosen.
The Friedmann-Robertson-Walker (FRW) metric is
[13]:
ds2 = −dt2 + a2(t)
[
dr2
1−Kr2 + r
2
(
dθ2 + sin2 θdφ2
)]
,
(7)
where a(t) is the scale factor, K is the curvature con-
stant, t is cosmic time, and the coordinates r, θ, φ are
the comoving coordinates of a free particle. The measure
field of the FRW metric is:
σ ≡
√
−g = a
3r2 sin θ√
1−Kr2
. (8)
The relevant curvature tensor components are [14]:
R00 =
3a¨
a
(9)
Rij =
(
a¨
a
+
2a˙2
a2
+
2K
a2
)
δij (10)
R = 6
(
a¨
a
+
a˙2
a2
+
K
a2
)
, (11)
where a dot denotes differentiation with respect to t and
i, j = 1 . . . 3. We assume an ideal perfect fluid as the
source of the energy momentum tensor T µν :
T µν = Diag(−ρ, p, p, p), (12)
where ρ and p are the energy density and the pressure
density of the fluid, respectively. Substituting the ideal
fluid energy-momentum tensor into Eq. (2) we find only
one independent equation (as opposed to two indepen-
dent equations in the standard case):
H˙ =
a¨
a
− a˙
2
a2
= −4πG (ρ+ p) + K
a2
, (13)
whereH ≡ a˙a is the Hubble parameter. Another equation
follows by combining Eqs. (3) and (5):
...
a
a
+
a¨a˙
a2
− 2a˙
3
a3
− 2Ka˙
a3
+
4πG
3
(3p˙− ρ˙) (14)
=
16πGa˙
a
[3Bp− ρ(A+B)] .
From the modified divergence law (5) we also find:
ρ˙+ 3
a˙
a
(ρ+ p) = 3
a˙
a
[3Bp− ρ(A+B)] . (15)
For A = B = 0 this produces the standard continuity
equation. For non-zero A and B this reduces to the stan-
dard continuity equation when:
1 +
A
B
=
3p
ρ
. (16)
Eqs. (13), (14), and (15) determine the dynamics of the
universe for an ideal perfect fluid source. As in the stan-
dard case, only two of these equations are independent
equations. It is convenient to combine Eqs. (13) and
(14). Solving for a˙a in Eq. (13) and substituting into Eq.
(14) we find:
a¨
a
−
...
a
a˙
= 16πG× (17)[
a
a˙
(
p˙
4
− ρ˙
12
)
− p
(
3B +
1
2
)
+ ρ
(
A+B − 1
2
)]
.
Another useful relationship follows by solving for a¨a in
Eq. (13) and substituting into Eq. (14):
H2 =
...
a
a˙
− K
a2
+
4πG
3H
[3p˙− ρ˙] (18)
+ 16πG
[
ρ
(
A+B − 1
4
)
− p
(
3B +
1
4
)]
.
We now examine the dynamics of the universe for the
radiation-dominated and matter-dominated epochs of its
evolution. The equations of state for radiation and dust
are:
Radiation: p =
ρ
3
(19)
Dust: p = 0. (20)
Substituting the above equations of state into Eq. (15)
we find:
Radiation: ρ˙ = −3 a˙
a
ρ
(
A+
4
3
)
(21)
Dust: ρ˙ = −3 a˙
a
ρ(A+B + 1). (22)
Solving the above differential equations yields:
Radiation: ρ ∝ a−3(A+ 43 ) (23)
Dust: ρ ∝ a−3(A+B+1). (24)
We see that energy creation occurs in a radiation-
(matter-) dominated universe for A < − 43 (A+B < −1),
assuming a˙a > 0. Hence, Eqs. (21) and (22) provide
a mechanism for the generation of energy in the uni-
verse. Note that this energy creation is exponential if
H = a˙a = constant.
3Using Eqs. (15) and (17) we find for radiation- and
matter-dominated universes:
Radiation:
a¨
a
−
...
a
a˙
= 16πGρ
(
A− 2
3
)
(25)
Dust:
a¨
a
−
...
a
a˙
= 4πGρ (5A+ 5B − 1) . (26)
We see that the dynamical equations provide a mech-
anism for accelerated expansion in both radiation-
dominated and matter-dominated cosmologies. In par-
ticular, in a matter-dominated universe accelerated ex-
pansion is possible without dark energy.
Using Eqs. (18), (21), and (22) we find:
Radiation:
K
H2a2
=
...
a
H2a˙
+
16πGρ
H2
(
A− 1
3
)
− 1 (27)
Dust:
K
H2a2
=
...
a
H2a˙
+
20πGρ
H2
(A+B)− 1. (28)
These equations describe the evolution of the curvature of
the universe in radiation-dominated and dust-dominated
cosmologies, respectively. Note that they depend on the
coefficients A and B and the third derivative of the scale
factor, in addition to the energy density.
The dynamical equations for a radiation-dominated
(dust-dominated) universe have a simple solution for the
case A = 23 (A+B =
1
5 ). In this case Eqs. (25) and (26)
become:
a¨
a
−
...
a
a˙
= 0, (29)
which has the solution:
a ∝ exp(Ht), (30)
whereH = constant. Thus, the dynamical equations pro-
vide a mechanism for inflation during the early radiation-
dominated phase. Consequently, it is not necessary to
postulate a previous false-vacuum state to drive the in-
flation. If we consider the evolution of the curvature for
the radiation- and matter-dominated universes undergo-
ing the accelerated expansion (30) we find:
K
H2a2
∼ ρ ∼ exp(−ǫ0Ht), (31)
where ǫ0 = 6 (ǫ0 =
18
5 ) for radiation (dust). Therefore,
the curvatureK goes to zero as t→∞, which also results
from standard models of inflation [15].
Another simple solution follows for the case of constant
energy density. According to Eq. (21) (Eq. (22)), ρ is
constant when A = −4/3 (A + B = −1) for radiation
(dust). Therefore, Eqs. (25) and (26) may be written:
a¨
a
−
...
a
a˙
= −ω20, (32)
where ω20 = 32πGρ (ω
2
0 = 24πGρ) for radiation (dust)
of constant energy density. Solving the above differ-
ential equation, we find an inflationary solution with a
quadratic time in the exponential:
a ∝ exp
(
ω20t
2
4
)
. (33)
In this case, H is not constant:
H ∝
(
ω20
2
)
t. (34)
The curvature for the radiation- and matter-dominated
universes undergoing the accelerated expansion (33)
obeys:
K
H2a2
∼
...
a
H2a˙
+
1
H2
− 1 ∼ 1
t2
. (35)
Again, we find K → 0 as t→∞.
In summary, unimodular relativity with the modified
divergence law (5) clarifies a number of fundamental is-
sues in modern cosmology. The cosmological constant
does not appear in the formalism for non-zero A, B and
the contribution of vacuum fluctuations is canceled out
in the field equations. In addition, it provides a mecha-
nism for the acceleration of the present dust-dominated
universe without dark energy. Consequently, there is no
need to assume that we are coincidentally living during
the transition from a matter dominated universe to a Λ-
dominated universe. Moreover, it provides a mechanism
for inflation in the early universe without postulating a
false-vacuum state during the first 10−35 seconds after
the Big Bang. As a result, many of the consequences
of standard inflation models remain valid. Furthermore,
one may describe the history of the universe with only
two epochs, a radiation-dominated epoch followed by
a matter-dominated epoch, thus removing the vacuum-
dominated (inflation) phase and the Λ-dominated phase
from the description of the early and late history of the
universe. Note that it is not necessary to postulate that
all of the energy content of the universe was present at
the Big Bang (as must be done in the ΛCDM model if its
history were to be described only by radiation-dominated
and matter-dominated epochs) since the dynamical equa-
tions provide a mechanism for energy creation.
While the quantities A and B were introduced in the
modified divergence law (5) as constants, future work
may require a time variation (A(t) and B(t)) to describe
the various stages of the evolution of the universe. Thus,
it is possible that there is an epoch in the history of the
universe during which the standard covariant conserva-
tion law (4) is satisfied.
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